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Abstract. In automated training in mathematics, as in the ASYMPTOTE project (Adaptive
Synchronous Mathematics Learning Paths for Online Teaching in Europe), modelling tasks are a
challenge in their creation and technical implementation. In modelling tasks, working with
mathematics is concretised in the application area. Mathematical work is understood as a process of
modelling: First, mathematical models are derived from a real problem; then the mathematical model
is solved; finally, the mathematical solution is interpreted with regard to reality and the original
problem is validated by the solution. This process focuses on the transition between the reality and
the mathematical level. This paper focuses on this transition and its requirements and explains
design principles of modelling tasks using examples from proportion and percentage calculation.
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MODELING AND APPLICATION

Starting with the assumption that competences can be learned, the question of different
types of learning environments and the understanding of education at school is more
interesting than mathematical precision. Klafki (1991) describes education as the ability of
self-determination, where all-round education consists of three determining factors: (a) an
education for all, (b) a general education and (c) an education with a focus to more general
aspects. This aim of an all-round education, which was established by Winter (1976a, 1976b,
1996) in the area of mathematics conveys mathematics in three basic experiences. These
experiences can be characterized as (E1) application orientation, (E2) structure orientation
and (E3) problem orientation (cf. Blum & Henn, 2003; Winter, 1996). Thereby, ‘application
orientation’ does not directly mean the preparation for specific situations in life, but rather,
the possibility of a basic insight into nature, society and culture. ‘Structure orientation’
focuses more on the analysis of mathematical objects in relation to a deductive view of the
world. The problem orientation on the other hand, emphasizes the acquisition of heuristic
abilities to recognize and use samples in problem solving processes. However, these three
aspects are connected with each other. Mathematics at school should provide the
prerequisites to a basic mathematical knowledge in order to gain insights into various
contexts of life in a reflective und understandable way. This view supports the ideas of
Freudenthal (1973, 1981, 1983), whereby the arrangement of coherences is an essential aim
of mathematical teaching at school. From these ideas, an understanding for mathematical
competence as an individual characteristic has been developed according to mathematical
literacy, which studies such as PISA are based on (OECD, 2022). This paper will focus on the
requirements and design of modelling tasks, as these represent a separate task category in
technical training exercises such as in the ASYMPTOTE project (Adaptive Synchronous
Mathematics Learning Paths for Online Teaching in Europe), which must be implemented
individually from a technical point of view (Oehler et al., 2023).
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The mathematical process of modeling

For modeling tasks, the view of mathematical literacy stands out due to an explicit
application orientation. Grasping mathematical concepts should be taught by connecting it
to real problems and how to use this acquired knowledge in real situations later in life (cf.
Griesel, 1976). To solve a real-life mathematical problem, mathematical work can be
understood as a process of modeling (cf. Blum, 1996). During this process, there can be
separate different phases: (1) At first, the complexity of the real situation has to be focused
to the specific problem in hand. You then get a model of reality. (2) This real model has to be
transposed to a mathematical model on a mathematical level. (3) The mathematical model
is solved and you get a mathematical result. (4) Finally the mathematical result is translated
with a view to reality. Figure 1 shows those phases of a modeling process.
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Figure 1: The process of modeling with the integrated concept of 'Grundvorstellungen' (GVs)
(vom Hofe, Kleine, Blum & Pekrun 2005, p. 3)

The circulation indicates that the process should be learned by repetition due to the fact that
mathematical models have to be modified or compared with other models. The
correspondence of the perceived world with the mathematical model indicates the
understanding of an individual in regard to nature, society and culture (cf. Winter & Haas,
1997). For further exposition of mathematical competences it is important to look more
closely at the transition between reality and mathematics which play a decisive role in the
description of mathematical literacy in the following section.

In this process of modeling, the transition between reality and mathematics represents a
central task; a real situation is modeled, to the mathematical level and, the mathematical
result is interpreted with respect to the real consequences. At first, we need mental objects
of mathematical concepts for these transitions.

"l have avoided the term concept attainment intentionally. Instead I speak of the constitution of
mental objects, which in my view precedes conceptattainment and which can be highly effective even
if it is not followed by concept attainment." (Freudenthal, 1983, p. 33)
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The construction of such cognitive structures is described as the formation of
'Grundvorstellungen' (short “GV”, e.g. vom Hofe, 1995, Greefrath et al., 2016, Salle & Cliiver,
2021). This formation is indicated (a) by recording the meaning of new concepts about
known structures, (b) by the construction of mental objects which represent the concept,
and (c) by the application of new situations. The formation contains both the expansion and
change of existing 'Grundvorstellungen' and the construction of new 'Grundvorstellungen'
(cf. vom Hofe, 1995). 'Grundvorstellungen' therefore, describe fundamental mathematical
concepts or methods and its interpretation into real situations. They describe the relations
between mathematical structures, individual psychological processes and real situations.
Kleine (2012) points out three features of this concept:

a) A clear relationship cannot exist between mathematical objects and specific
'Grundvorstellungen' because usually, mathematical objects are represented by several
'Grundvorstellungen' which are connected to each other.

b) One can distinguish 'Grundvorstellungen' in two ways: On the one hand, there exist
primary 'Grundvorstellungen' which begin usually before mathematical instruction and
these stand out due to concrete actions and concrete operations (e.g. the
'Grundvorstellungen' of the sum at a). On the other hand, secondary 'Grundvorstellungen'
are developed during the time of mathematical instruction, which is indicated especially by
mathematical representations (e.g. the 'Grundvorstellungen' of a function concept).

c) 'Grundvorstellungen' are neither fixed, nor used universally but are dynamic and are
developing within a networked mental system. The necessity for the development results in
avarying range of validity: If 'Grundvorstellungen' are sustainable in one mathematical area,
they must be extended in another area. For example, 'Grundvorstellung' of multiplication
when using different numbers for the second factor has separate results. With natural
numbers the product is always higher than the first factor; with fractional numbers however,
the product can be higher (2nd factor >1) or lower (2nd factor <1) than the first factor.

These characterizations point out, that 'Grundvorstellungen' can not be directly studied and
require the need to be aware of the different types of behavior. This point of view marks the
descriptive aspect of the concept: Through the analysis of individual behavior (e.g. at school,
interviews, exams) the aim is to reconstruct the existing 'Grundvorstellungen' of
mathematical objects. In contrast with this idea there is the normative aspect, whereupon
'Grundvorstellungen' are used as guidelines for the construction of mental objects of
mathematical contents. The first aspect questions which 'Grundvorstellung' has been
activated by a student; the second aspect questions which 'Grundvorstellung' has to be
formatted by the student. If one compares the existing with the desired
'Grundvorstellungen', we have the idea outcome of an agreement. In many cases you can
observe a deficit. This is a central topic of didactical research in the field of
'Grundvorstellungen'. Vom Hofe (2003) establishes the connection between basic ideas and
basic education.

The previous explanations are intended to show that modelling tasks have a complex profile
of requirements that must be taken into account when designing and evaluating tasks. It is
therefore all the more important to structure modelling tasks clearly in order to be able to
use this type of task adequately in a technical environment.
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“GRUNDVORSTELLUNGEN’ AS A THEORETICAL CRITERION FOR DESIGNING
MODELING TASKS

In the first section, we took a deeper look on the transition between real situations and the
mathematical level. Mental objects are necessary for those transitions as they mediate
between reality and mathematics. Referring to this theoretical framework it is the aim of this
section to deal with the question how 'Grundvorstellungen' can be used as a normative
criterion for creating modeling tasks.

Firstly, we take a closer look at proportions, which are the mathematical concept of the
following considerations. The importance of this mathematical content can be seen in the
preparation of a simple mathematical model to mathematise many application-related
situations. According to Kirsch (1969, 2002), proportions are only understood, if they are
apprehended as a transformation which maintain the structure between two quantities.
Thereby a transformation f between two quantities G1 and G2 is called proportional, if there
isforanyn€INandanya€ Gl:f(n-a)=n-f(a).

In ideal cases, these kinds of transformations between reality and mathematics are based on
two 'Grundvorstellungen' (cf. Malle, 2000):

° A connection between quantities can be described, founded or researched. Thereby,
the elements of one quantity are in relation to elements of another quantity.

° The effect of the variation of elements of one quantity in relation to the elements of
the other quantity is described or observed.

In Figure 2 we can see a simple example for a situation with a proportional context. The
modelling structure of this item is the basis for the cognitive demand in these kinds of
situations. It is due to this, that we can define the first cognitive level: (1) Relations between
different quantities must be identified (on a "horizontal perspective"), i.e. the element of
quantity G1 is in relation to the element of quantity G2. (2) The quantities are varying due to
the characteristics of proportional transformations (on a "vertical perspective").

Example 1:
If 12 sweets cost € 5.40, find the cost of 30 sweets.

Possible solution:
"rule of three"
(1) 'm-relation-to'

Gl > (-T.l
12 sweets = €540
. l 2
(2) 'vanation'
6 sweets = €270
~ o v
30 sweets = €13.50

Figure 2: Identification of 'Grundvorstellungen' in an item on a basic level by the "rule of three"
between two quantities G; and G.. (Kleine, Jordan & Harvey, 2005, p. 234).
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The 'Grundvorstellungen' can not only be integrated such as in Figure 2's solution; it is also
possible to activate the 'Grundvorstellungen' for example by a factor of proportionality, by
an equality of ratio or by an equality of quotient.

According to Griesel (1997), if we take a look at the demand in percentage calculations on
this cognitive level, we can understand percentage quotations as special kinds of quantities.
Percentages can be understood as a unit. Particularly with regard to percentage as a special
case of fractions, we have obtained the following Grundvorstellungen' for percentage
calculations (cf. Blum, vom Hofe, Jordan & Kleine, 2004):

° GV-Percentage 1. The whole is divided into one hundred equal-sized sections. For
example, 43% of the students live in the town near to the school. By connecting the
'Grundvorstellungen' with an operation we talk about the hundredth-operator-GV.

° GV-Percentage 2. A statistical point of view whereby a basic set is divided into subsets
with the cardinal number of 100. For example, 43% of the students live in the town near to
the school means: for every 100 students of the school, 43 students live in the same town as
the school.

° GV-Percentage 3. As mentioned above, percentages can be understood as a unit.
Therefore, the unit and the value as a whole are a special kind of quantity.

Connected with these specific 'Grundvorstellungen' the basic items for percentage
calculations can be solved similarly to the mentioned solution processes above. We can
increase the requirement of items by adding further 'Grundvorstellungen' to the former
demand in the previous level. This addition is not a trivial combination of
'Grundvorstellungen'. Typical items on this level are the combination of percentage
calculations with arithmetical ones, such as 'addition’ or 'subtraction’ (cf. Padberg & Wartha,
2017). Figure 3 shows a possible solution for items using the process of the basiclevel above,
whereby an additional structure of subtraction is needed.

An additional increase in requirement can be achieved by repeated combination of these
aspects. For example, in compound interest calculations or the use of factors of growth in
percentage calculations 'Grundvorstellungen' from the previous level have to be arranged in
a non-trivial way. In practical work one can expect different kinds of concrete solution
processes analogue to the former levels. However, from a theoretical point of view, we can
describe the requirement as the interlinking of 'Grundvorstellungen'. The repetition in this
level can be combined several times (e.g. within the compound interest calculation). This
requirement can have an influence on the used solution method: Even with items which have
multiple linking processes the use of operators is superior to other methods because of
clarity and cognitive economy.

With regard to the design of modelling tasks as a technical training like in the ASYMPTOTE-
project, the requirements arise that one takes into account these different steps of thinking,
which can be seen in this example. These thinking steps have an influence on (1) the design
of hints and (2) in the structuring of solutions as well as (3) in the structure of task
sequences. Especially with regard to task batteries, it has proven helpful that tasks and the
individual requirements are built up step by step so that the diagnosis of competences can
be made unambiguously. A series of tasks in which example 2 follows tasks on simple
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percentage calculation and tasks like example 1 give clearer indications of pupils' abilities
than example 2 alone would.

Example 2:

In order to atfract customers, a shopkeeper advertises a
discount of 20% an all goods in the shop.

How much would an item marked at € 129 cost now?

Paossible solutions:
100% - 20% = 80%
(using 'Grundvorstellungen' of subtraction)

- opeiJator
_ 80
€129.00- — =€103.20
100
'Grundvor-
stellungen' "rule of three"
Percentage 100% — €129.00

20% — €25.80
80% — €103.20

Figure 3: Identification of 'Grundvorstellungen' in an item with higher demand
(Kleine, Jordan & Harvey, 2005, p. 236).

SUMMARY

This paper especially focussed on the transition between real situations and the
mathematical level whilst working with modeling tasks. For these transitions mental objects
are necessary which mediate between reality and mathematics. To be more precise we use
the term 'Grundvorstellungen'. 'Grundvorstellungen' can be described as mental models for
mathematical objects. We have shown that it is possible to use this concept as a theoretical
criterion in order to describe items according to the extent of the 'Grundvorstellungen'. We
have used the field of proportions and percentage calculations to illustrate our thoughts and
ideas. We have developed in this field a (hierarchical) structure of three levels under the
perspective of modeling tasks, whereby the demands on each level are determined by the
extent of the used 'Grundvorstellungen'. For the design of modelling tasks, these
requirements are an important guideline for the technical implementation. In order to
implement competences and skills especially in a digital medium, one needs the form of
didactic analysis presented here for the design of task series, solution instructions and
sample solutions.

References

Blum, W. (1996). Anwendungsbeziige im Mathematikunterricht - Trends und Perspektiven.
In G. Kapunz, H. Kautschtisch, G. Ossimitz & E. Schneider (Eds.), Trends und Perspektiven -

Research On STEM Education in the Digital Age.
Proceedings of the ROSEDA Conference.

38



MODELING TASKS UNDER THE PERSPECTIVE OF ‘GRUNDVORSTELLUNGEN’

Beitrdge zum 7. Internationalen Symposium zur Didaktik der Mathematik in Klagenfurt (pp.
15-38). Holder-Pichler-Tempsky.

Blum, W. & Henn, H.-W. (2003). Zur Rolle der Fachdidaktik in der universitdren
Gymnasiallehrerausbildung. Der mathematische und naturwissenschaftliche Unterricht,
56(2), 68-76.

Blum, W, vom Hofe, R, Jordan, A. & Kleine, M. (2004). Grundvorstellungen als
aufgabenanalytisches und diagnostisches Instrument bei PISA. In M. Neubrand (Eds.),
Mathematische Kompetenzen von Schiilerinnen und Schiilern in Deutschland - Vertiefende
Analysen im Rahmen von PISA 2000 (S. 145-158). VS-Verlag.

Freudenthal, H. (1973). Mathematik als pddagogische Aufgabe. Klett.

Freudenthal, H. (1981). Major problems of mathematics education. Educational Studies in
Mathematics, 12, 133-150.

Freudenthal, H. (1983). Didactical Phenomenology of Mathematical Structures. Reidel.

Greefrath, G., Oldenburg, R,, Siller, H.-St,, Ulm, V., & Weigand, H.-G. (2016). Didaktik der
Analysis - Aspekte und Grundvorstellungen zentraler Begriffe. Springer Spektrum.

Griesel, H. (1976). Das Prinzip von der Herauslosung eines Begriffs aus Umweltbeziigen in
der Rechendidaktik Wilhelm Oehls und in der gegenwartigen Didaktik der Mathematik. In H.
Winter & E. Wittmann (Eds.), Beitrdge zur Mathematikdidaktik - Festschrift fiir Wilhelm Oehl
(pp. 61-71). Schroedel.

Griesel, H. (1997). Zur didaktisch orientierten Sachanalyse des Begriffs Grofde. Journal fiir
Mathematik-Didaktik, 18(97), 259-284.

Kirsch, A. (1969). Eine Analyse der sogenannten Schlufdrechnung. Mathematisch-
Physikalische Semesterberichte, 16(1), 41-55

Kirsch, A. (2002). Proportionalitdt und ,Schlussrechnung” verstehen. mathematik lehren,
(114), 6-9.

Klafki, W. (1991). Neue Studien zur Bildungstheorie und Didaktik. Beltz.

Kleine, M. (2012). Lernen férdern: Mathematik. Klett-Kallmayer.

Kleine, M., Jordan, A., & Harvey, E. (2005). With the focus on 'Grundvorstellungen' - Part 2:
'Grundvorstellungen' as a theoretical and empirical criterion. ZDM-Mathematics Education,
37(3), 234-239.

Malle, G. (2000). Zwei Aspekte von Funktionen: Zuordnung und Kovariation. mathematik
lehren, (103), 8-11.

OECD (2022). Are Students Ready to Take on Environmental Challenges? OECD press.

Oehler, D.-X. K., Anhalt, L., Barlovits, S., Ludwig, M., & Kleine, M. (2023). The ASYMPTOTE
Project: Developing an Adaptive and Synchronous Learning Platform. In M. Ludwig, S.
Barlovits, A. Caldeira, & A. Moura (Eds.), Research On STEM Education in the Digital Age.
Proceedings of the ROSEDA Conference (pp. 183-186). WTM.

Padberg, F. & Warthe, S. (2017). Didaktik der Bruchrechnung. Beltz.

Salle, A. & Cliiver, T. (2021). Herleitung von Grundvorstellungen als normative Leitlinien -
Beschreibung eines theoriebasierten Verfahrensrahmens. Journal fiir Mathematik-Didaktik,
42(2),553-580

vom Hofe, R. (1995). Grundvorstellungen mathematischer Inhalte. Springer Spektrum.

Research On STEM Education in the Digital Age.
Proceedings of the ROSEDA Conference.

39



Michael Kleine and Léon Anhalt

vom Hofe, R. (2003). Grundbildung durch Grundvorstellungen. mathematik lehren, (118), 4-
8.

vom Hofe, R, Kleine, M., Blum, W. & Pekrun, R. (2005, February 17-21). On the role of
‘Grundvorstellungen' for the development of mathematical literacy. 4th Congress of the
European Society for Research in Mathematics Education (CERME 4), Sant Feliu de Guixols,
Spain.

Winter, H. (1976a). Was soll Geometrie in der Grundschule? ZDM-Mathematics Education,
8(1/2), 14-18.

Winter, H. (1976b). Strukturorientierte Bruchrechnung. In H. Winter & E. Wittmann (Eds.),
Beitrdge zur Mathematikdidaktik - Festschrift fiir Wilhelm Oehl (S. 131- 165). Schroedel.
Winter, H. (1996). Mathematikunterricht und Allgemeinbildung. Mitteilungen der Deutschen
Mathematiker-Vereinigung, 4(2), 35-41.

Winter, H., & Haas, N. (1997). Ohne Modellbilden kein Verstandnis. Mathematikunterricht,
43(5), 14-29.

Research On STEM Education in the Digital Age.
Proceedings of the ROSEDA Conference.

40





